Abstract. As a starting point, an important link is established between Brumer's conjecture and the Brumer-Stark conjecture which allows one to translate recent progress on the former into new results on the latter. For example, if K/F is an abelian extension of relative degree 2p, p an odd prime, we prove the l-part of the Brumer-Stark conjecture for all odd primes l = p with F belonging to a wide class of base fields. In the same setting, we study the 2-part and p-part of Brumer-Stark with no special restriction on F and are left with only two well-defined specific classes of extensions that elude proof. Extensive computations were carried out within these two classes and a complete numerical proof of the Brumer-Stark conjecture was obtained in all cases.
Overview and results
An important conjecture due to Brumer predicts that specific group ring elements constructed from the values of partial zeta-functions at s = 0 annihilate the ideal class groups of certain number fields. Recent progress has been made on this conjecture ([Gr1] , [Wi] ) and this will be used to obtain new results on the related conjecture of Brumer-Stark where progress thus far has been more restricted (see Section 1 of [RT] for the present status of the Brumer-Stark conjecture). The setting for these conjectures is the following: K/F is a relative Galois extension, with G = Gal(K/F ) abelian, K totally complex, and F totally real. Both conjectures predict that certain elements of Z [G] annihilate the ideal class group Cl K of K.
Our results fall naturally into two parts. The first part (Sections 1-3) presents our theoretical results, which we now briefly state:
(1) (Probably well known) There is the following localization principle: The Brumer-Stark conjecture (BS) holds for K/F if and only if, for all prime numbers l, an "l-primary analog" (BS) l holds for K/F .
(2) (Semi-simple case) If F is an abelian extension of Q with the l-part of Gal(F/Q) cyclic, K is a CM field, and l = 2 is prime to the order of G, then (BS) l holds. For example, given this setup, if G is abelian of order 2p, p an odd prime, then it suffices to prove (BS) 2 and (BS) p in order to establish (BS) for K/F . (The condition that F be abelian over Q can be relaxed somewhat; see Proposition 1.3 for details.) (3) If G is abelian of order 2p, p an odd prime, then (BS) p holds unless K/F is of type or . Here means that K contains a primitive p-th root of unity ζ p and 298 C. GREITHER, X.-F. ROBLOT, AND B. A. TANGEDAL K/F is unramified outside the primes above p. The case is even more exceptional; details will be given later. We shall see that, for instance, does not happen if p = 3 or if p = 5 and F is real quadratic.
(4) Suppose F is real quadratic and K/F is cyclic of degree 6. Then (BS) holds in full, except perhaps in case . In particular, we prove (BS) 2 without exception in this setting.
The second part (Section 4) presents our computational work, where certain situations not covered in full by our theoretical results are studied, for example:
(5) In the setting of (4): The "first" 534 instances of case satisfy the full Brumer-Stark conjecture as well. We will of course give details on what "first" means. For the moment let us just say: A list of cases was generated, with various cut-off criteria and elimination of uninteresting cases, for instance cases where the minus class number of K happened not to be divisible by 3, and consequently (BS) 3 , and (BS), are known to hold for simple reasons. This list, with elimination and search limits, came to 534 items, and (BS) was successfully verified in every case.
(6) We also carried out extensive computations involving cyclic extensions K/F of degree 6 over real cubic fields F . Both and type extensions arise in this scenario and we generated lists of nontrivial cases for both types using cut-off and elimination criteria. The Brumer-Stark conjecture was successfully verified in all 114 cases and all 145 cases considered.
We have one further result we would like to mention here: (BS) holds in full when F is real quadratic and K/F is cyclic of degree 4. This was previously the situation involving the lowest degree fields over Q still unproved (see [RT] ). We are planning to treat this situation and give further results in particular involving the 2-primary part (BS) 2 in a sequel to the present paper.
Statement of (BS) and its primary parts; the link with the Brumer conjecture
For the first part of this section we assume that K/F is an abelian G-Galois extension with F totally real and K totally complex. (Towards the end of this section and for the complete remainder of the paper we will make the extra assumption that K is a CM field.) For simplicity, we make the blanket assumption throughout the paper that the base field F is not equal to Q, since the conjecture is known to be true in that case based upon Stickelberger's classic theorem concerning the factorization of Gauss sums (see [Ta2] , p. 109).
Given an extension K/F as above, let S(K/F ) denote the set of all primes of F , finite and infinite, that ramify in K. With respect to a finite set S of primes in F containing S(K/F ), we define a partial zeta-function corresponding to each element σ ∈ G in the usual way:
where the sum is over all integral ideals a of F relatively prime to the finite primes in S and having the same Artin symbol (K/F, a) = σ a = σ. The infinite sum on the right side converges only for (s) > 1, but ζ S (s, σ) has a meromorphic continuation to all of C with exactly one (simple) pole at s = 1. In particular, ζ S (s, σ) is analytic at s = 0, and based upon the work of Klingen [Kl] and Siegel [Si] we know that ζ S (0, σ) ∈ Q, and therefore the group ring element (referred to as a "Brumer-Stickelberger element")
. We generally take S = S(K/F ) and in that case we will usually omit S from the notation and simply write θ(K/F ). If F , K, and S are all fixed in a given context, we will sometimes just use θ to denote θ S (K/F ).
Let w = w K denote the order of the group of roots of unity µ K in K. A famous result, due independently to Deligne and Ribet [DR] , Barsky [Ba] , and CassouNoguès [CN] , states that wθ
* will be called w-abelian if its w-th root generates an extension field of K which is abelian over F (not just over K). An anti-unit is an element x ∈ K * which has absolute value 1 at all archimedean places of K (recall that by our assumptions all these places are complex). If K happens to be CM, with complex conjugation j ∈ G, then x is an anti-unit if and only if x 1+j = 1. We may now state the
Brumer-Stark Conjecture: For every nonzero fractional ideal a of K, the ideal a wθS(K/F ) is principal and has a generator x which is an anti-unit and w-abelian.
The first part stating that a wθS(K/F ) is always principal (i.e., that wθ S (K/F ) annihilates the class group Cl K ) is due to Brumer (he predicts something even stronger; see below). The generator x in the conjecture, if it exists, is unique up to a root of unity in K, and the prediction that such an element in K exists with the special properties above is due to Stark. The set of nonzero fractional ideals a that satisfy the conjecture forms a group under multiplication which contains all principal ideals (see [Ta1] for this and other basic properties). Thus one may speak of the subgroup in Cl K made up by the classes [a] satisfying the BS property.
The (BS) l conjecture states, for any prime number l: For every nonzero fractional ideal a whose class is in the l-primary part Cl K {l} of Cl K , the ideal a wθS(K/F ) is principal and has a generator x which is an anti-unit and w l -abelian. Here w l = |M |, where M = µ K {l}. The criterion that x be w l -abelian can be stated as follows (see pp. 83-85 of [Ta2] ): Let {σ i } i∈I be a system of generators of G. Since M is cyclic, there exists a system of integers {n i } i∈I such that ζ σi−ni = 1 for all ζ ∈ M , i ∈ I. The element x ∈ K * is w l -abelian if and only if there exists a system of elements
for all i, j ∈ I. A weakened version of this criterion, sufficient for our purposes, will be proved in the course of proving Proposition 1.2 below.
Remark. If l is odd, we may omit the condition that the generator x is an anti-unit, by the following argument: For a given archimedean place v of F let j v be the nontrivial element of the decomposition group G v ⊂ G. By property 3) on page 24-02 of [Ta1] , we have (1 + j v )θ = 0, and Proof. It is obvious that (BS) implies (BS) l for all primes l. To prove the converse, we have to show that the subgroup U of classes satisfying the BS property is the whole of Cl K . For this it suffices that U contains the l-primary part of Cl K for all l, so fix some l and take some [a] ∈ Cl K {l}. Then (BS) l gives almost what we want, the only problem being that the generator is only w l -abelian, and we want it to be w-abelian. To mend this, write w = w w l with w prime to l and use a similar trick just as before: Exponentiation by w is bijective on Cl K {l}. Thus we find b and u ∈ K * with a = (u)b w . Let b wθ = (z) with z a w l -abelian antiunit. Then a wθ = (u wθ z w ), and the latter generator is now again an anti-unit and w-abelian.
Our next goal is to state and prove a result which links the Brumer conjecture to the Brumer-Stark conjecture and to explain which parts of the conjectures (the "semi-simple cases") are already known in some generality. To this end, we recall the Brumer conjecture. We keep our hypotheses on K, F , G, and S. Proof. We need two little preparations. First we claim: Whenever M is not zero, the l-part G{l} of the (abelian) group G must be cyclic. Reason: G{l} must act faithfully on M , otherwise a nontrivial l-subgroup H ⊂ G would act trivially on M , and the cohomology of H with coefficients in M would be nontrivial. This easily implies that G{l} is cyclic, since M is cyclic of l-power order.
Second, there is the following group-theoretical observation: Suppose G is abelian with cyclic l-part and assume there is an extension of groups
with C an abelian l-group. Then Γ is abelian if and only if the action of G on C via conjugation is the trivial action. (This is left to the reader. The main point is that the extension splits if G has no l-part.)
Now assume that (B) l holds. Let w l = |M |; recall w = w K = |µ K | and write w = w l w with w prime to l. Since M is cyclic, we have a canonical isomorphism M ∼ = Z l [G]/I l . The hypothesis on cohomological triviality yields that I l is again cohomologically trivial; now I l has no Z-torsion, hence I l is Z l [G]-projective, hence free on one generator, let us say I l = (ξ). Since I l contains a suitable l-power, it is a routine matter to show that we may choose ξ ∈ Z[G]. Since w l ∈ I l and ξ is a nonzero divisor, we have
Given an ideal a of K, we have to find a generator x of a w l w θ which is w l -abelian. (By a previous remark, we do not have to worry whether or not x is an anti-unit.) Let l N be a high power of l (larger than w l times the l-class number of K), and let ν ∈ Z[G] be congruent to ν modulo l N . Thus, a w l w θ is the product of a very high l-power of an ideal with the ideal a ξν w θ . By hypothesis, a ξw θ is principal, with generator y, say. What remains is to show that x = y ν has the "abelian property":
We show that L is normal over K: The elementx ∈ K * /K * w l is annihilated by ξ, hence by the whole of I l . Thus, for σ ∈ G, we find some integer a with σ − a ∈ I l (this is the cyclicity of M over Z), and σ(x) is just the a-th power ofx. Thus, all conjugates of
Now we show that L is abelian over F . If w l = 1, there is nothing to show, so we may assume w l > 1, which implies, as mentioned above, that the l-part of G is cyclic. By virtue of the second preparatory remark, it suffices to show that the action by conjugation of G on Gal(L/K) is the trivial one. Let σ be any element of G and lift it to an automorphismσ of L over F . Then we just have to show that σ commutes with every automorphism
This is the same result as in the previous equation since
Remark. This last part of the argument is standard and well known. It actually shows that the property "x is w l -abelian" is equivalent in the present setting to the statement thatx is annihilated by I l , since I l is generated by terms of the form σ − a.
We now prove the reverse implication, so assume (BS) l . Let J be the group of nonzero fractional ideals in K. This is a torsion-free Z-module, containing the submodule P of principal ideals. It is convenient to calculate with the l-adic com-
, and x satisfies the abelian condition, that is: The class of x modulo w l -th powers is annihilated by I l . Thus x ξ can be written as y w l . In P l we then have equations
and P l has no torsion, we may cancel ξ and obtain
. With the same argument we may cancel the exponent ν and find
ξθ is principal. Since ξ generates I l , we have proved the l-part of the Brumer conjecture.
This proposition will be important in the proof of the next result. We will continue to keep all of the assumptions made at the beginning of this section, but from now onward we impose the extra hypothesis that K is a CM field. Thus, K is a quadratic extension of a totally real subfield K + . Necessarily, the totally real field F lies in K + . The nontrivial element j of Gal(K/K + ) coincides with all j v in earlier notation; it is "the" complex conjugation in G = Gal(K/F ). 
. This property, and the exactness, are due to the circumstance that l does not divide the order of G. Every module M decomposes as a direct sum of M χ , with χ ranging over the Q l -conjugacy classes of all characters of G. The l-part of the Brumer conjecture for K/F is, in the present situation, equivalent to the conjunction of all the χ-parts of this conjecture, in an obvious sense. Note that since l = 2 and F = Q, the Brumer-Stickelberger element has zero plus part and it suffices to consider the Brumer conjecture on A(K), which denotes the l-part of the minus class group of K. In particular we may restrict attention to odd characters in what follows. Now we begin with case (a). Standard module theory over discrete valuation rings shows that the χ-part of the l-part of the Brumer conjecture is a consequence of the following statementà la Leopoldt-Iwasawa:
for any odd character χ of G. This formula follows directly from the statement of Theorem 3 in [Wi] ; note that the equality given there becomes a divisibility statement since there may be primes ramifying in K/F but not in the conductor of χ, which gives extra Euler factors. This theorem is stated and proved under the hypothesis that a certain set S χ,l is empty. So if this set is empty, we are done. If it isn't empty, then by the very definition of S χ,l , the character χ must be inflated from a character χ 0 of F cl (ζ l )/F , where the superscript cl means taking the normal closure over Q. Of course we may omit this superscript here.
product of Euler factors, by standard properties of L-functions.
This means that we are left with proving the above divisibility statement under the extra hypothesis that K = F (ζ l ) and thus K is absolutely abelian (we now write again K for K 0 and χ for χ 0 ). Again, this can be extracted from the literature: We will use a result of Solomon [So] . Let Γ = Gal(K/Q) and Γ the non-l-part of Γ. Then G = Gal(K/F ) is a subgroup of Γ , and A(K) χ is the direct sum of all A(K) η with η running over all characters up to conjugacy of Γ that restrict to χ on G. We use the formula for A(K) η at the top of page 6 of [Gr2] , which is based on [So] , and we take the product over all η up to conjugacy. (The required condition that the l-part of Γ is cyclic does hold, thanks to the corresponding condition we imposed on F , and also thanks to K = F (ζ l ).) This gives the following formula in which ψ runs over all characters of the whole group Γ whose restriction to G is conjugate to χ:
, where v l : Q l → Q is the extension of the l-adic valuation, so v l (l) = 1. The quantity δ η is defined as follows: It is 1 unless η is the Teichmüller character, and in that case it equals r with l
, and since L-functions are fully inductive, we get
On the other hand,
Moreover it is easy to check that η|G∼χ l δη is exactly the order of the χ-part of µ K {l}. This concludes the verification of statement ( * ).
It remains to handle case (b). We may assume F is not abelian over Q. Again we must show that for all characters χ of G the set S χ,l is empty, so suppose q ∈ S χ,l . Then we have by the definition in [Wi] : q divides l; χ factors through Gal(F cl (ζ l )/F ); χ(q) = 1 and the order of χ (m, say) is at least 3. We show that such a setup cannot exist.
Indeed the condition that l
Since m > 2, the ramification exponent of l in M is m, or possibly m/2 if m/2 is odd. Therefore all primes of M F above l have ramification degree at least 3. On the other hand q does not ramify in M F/F since χ(q) = 1. This is a contradiction. Proof. The module M = µ K {l} is G-cohomologically trivial for the simple reason that its cardinality is coprime to the order of G; we may thus invoke Propositions 1.2 and 1.3.
The p-primary part of (BS) in case
We assume in this section that the abelian group G = Gal(K/F ) is of order 2p, p an odd prime number, with F totally real and K totally complex. The field K is automatically CM since each j v in earlier notation is equal to the unique element j of order 2 in the cyclic group G. In this setting, Corollary 1.4 gives a widely applicable result covering (BS) l with l = p an odd prime. We study (BS) p in this section and (BS) 2 in Section 3. Some extra notation:
E denotes the quadratic extension of F sitting in K. H = Gal(K/E), which we will identify with Gal(K + /F ); hence H has order p.
σ is a fixed generator of H. j ∈ G is complex conjugation. Thus G is generated by jσ. Just for this section we will use the following notation for a CM field L: distinguish some cases and subcases, and in most of them we show how the conjecture can be deduced from the analytic class number formula with some algebraic tricks. Two classes of exceptional cases will remain where these arguments fail: The first one (called type ) is given by the condition that ζ p ∈ K and primes splitting in E/F do not ramify in K/E and
where the exponent cl means: Taking normal closure over Q; the second (type ) is given by the condition ζ p ∈ K and K/E is at most ramified at primes over p.
It will soon be discussed how frequently these exceptions occur.
We distinguish, first of all, the two major cases I and II: ζ p is not, respectively is, contained in E. Note that ζ p ∈ E if and only if ζ p ∈ K.
We further distinguish Cases I and II in two subcases: (a) some prime p in E which is split in E/F ramifies in K/E, and subcase (b), the logical complement of (a). In Case II a simpler, equivalent, formulation of (b) will be given. Proof. We first do the subcase (a). By Lemma 2.5 (below), the order of the subgroup A H K fixed under H in A K is strictly larger than the order of A E . This will be important later.
In what follows, we always consider projections to minus parts. That is, θ(K/F ) will be considered as an element of Q[H] (originally it is in Q[G] and G = H × {j}; we send complex conjugation j to −1). In the same vein, θ(E/F ) will be considered as an element of Q. Now θ(K/F ) · N has an expression as · N · θ(E/F ) where N = 1 + σ + · · · + σ p−1 is the norm element attached to H and is a product of Euler factors attached to the primes that ramify in K but not in E. The hypothesis of case (a) is just chosen to ensure that (the minus projection of) is zero. In other words, θ(K/F ) is annihilated by N , and we'll make the most of that: We write
Now we consider the analytic class number formula which gives, thanks to ζ p ∈ E (overbar is the canonical map
Some remarks concerning integrality: Both |A E | and
, and this shows that α can also be taken in Z p [H] .
We can now show that θ(K/F ) kills A K as follows: The module (σ − 1)A K is, via multiplication by σ − 1, an epimorphic image of A K /A H K . This latter quotient has cardinal strictly less than |A K |/|A E |, so It remains to treat case (b). Again by Proposition 1.2, we just want to see that the p-part of the Brumer conjecture (minus Stark) holds for K/F . Here we rely on the paper [Gr1] . Theorems 4.10 and 4.11 of that paper show the p-part of the Brumer conjecture under the condition that K/F is "nice". Those theorems were not stated "prime by prime", and for this reason, one does not need the full "niceness" hypothesis for the p-part of the conjecture. An extension was called nice if a certain condition CP holds, and for all odd l, the module µ K {l} is G-cohomologically trivial. This latter condition is clearly satisfied in our situation for l = p. The point is that we only need a part of condition CP which originally stated that no critical prime of F splits from K + to K. There are two kinds of critical primes: those p that ramify in K/F (first kind) and those q which lie over a rational prime q such that
It is easy to see from [Gr1] that the q with q = p play no role for the proof of the p-part. One has only to look at §4 for this, since critical primes of the second kind never make an appearance in the earlier sections. Let's sum up. To ensure the validity of (B) p it is enough to check two things:
(CP1) no critical prime of the first kind splits from K + to K; (CP2) there exist no critical primes of the second kind that divide p. The first condition is assured by the hypotheses of case (b). The second condition is equivalent to saying that we are not in the exceptional case , by the very definition of exceptional primes of the second kind.
The subdivision of Case II (ζ p ∈ E) is the same as in Case I: With subcase II(a) we mean that some prime p in F splits in E and ramifies in K; subcase II(b) is then what is left. In contrast to Case I, we can make a much sharper statement concerning subcase II(b):
Remark. In subcase II(b), only primes over p can ramify in K/E (or equivalently, in K + /F ); in other words, subcase II(b) is identical with the exceptional case defined above. Suppose the prime p of E does not divide p and is ramified in K. Then the prime p + below p in E + = F ramifies in K + , and the absolute norm of p + is congruent to 1 modulo p (see [FT] , Theorem 28(ii), p. 145). But then, since E = F (ζ p ), p + must split in E (see [Ja] , Proposition 3.1, p. 131), which puts us in subcase II(a).
Proposition 2.2. (BS) p holds in subcase II(a); in other words, (BS) p holds in Case II with the possible exception of .
Proof. This is very similar to the first proposition. Lemma 2.5 gives that A H K has order strictly larger than A E . We now look again at the analytic class number formula. Let us first assume that ζ p 2 is not in K. Then
Here α is defined exactly as in the proof of Proposition 2.1. The module (σ − 1)A K is an epimorphic image of A K /A H K which in turn has cardinality smaller than We now discuss the "range" of the exceptional cases. If F/Q is normal and E/Q is unramified over p, then is impossible. In case we must have E = F (ζ p ); in particular, since E/F is quadratic, the absolute degree of F must be at least (p − 1)/2. If F is real quadratic and p > 5, case is therefore ruled out; if F is real quadratic and p = 5, case is only possible if F = Q( √ 5) and E = Q(ζ 5 ). With a view towards calculations, we also show: Lemma 2.3. For p = 3 and p = 5, case does not happen if F is real quadratic.
Proof. Under the assumption ζ p ∈ E, we prove that the inclusion
cl is the composite M M , with M quadratic or biquadratic over F and with M abelian of degree p or p 2 over F . If the inclusion were true, we could pass to the maximal fields of exponent 2 over F , which would give
Note that ζ p has 2-power degree over Q and over F . The above inclusion would have to be an equality since M is not real. Therefore ζ p would lie in M . We show that this implies ζ p ∈ E which finishes the proof. Indeed, ζ p and F generate an abelian extension of Q. If E is normal over Q, then E = M and we are done. If not, M is dihedral of degree 8 over Q and M = EE where E /F is the unique conjugate of E/F over F . Then the maximal subfield of M abelian over Q is E , the third relatively quadratic subfield of the biquadratic extension EE /F , and ζ p must be in E . On the other hand, E/F and E /F are both totally complex, so E would have to be totally real, a contradiction.
From Propositions 2.1 and 2.2 and Lemma 2.3 we obtain the following, which we point out as a corollary for later reference: It remains to state and prove the lemma used in the proof of Proposition 2.1. Until the end of this section, we consider a cyclic Galois extension K/E of CM fields of relative degree p an odd prime and Galois group H. One defines the total ramification index e(K/E) as the product over all ramification indices e p with p running over the primes of E that ramify in K. There is also the index e − (K/E) defined as e(K/E) e(K + /E + ). The index e − (K/E) is equal to p t with t the number of primes of E + that split in E and ramify in K. We recall that A K means the p-part of the minus part of Cl K .
Lemma 2.5. Suppose H is cyclic of odd prime order p. Then
Proof. From Lemma 4.1 on page 307 of [La] we have the formula 
An analogous formula holds with K/E replaced by
by the theory of units in CM fields: The minus part of the multiplicative group of units is the group of roots of unity, and we may decompose into plus and minus parts with no worries since we are only interested in p-primary torsion. We have to show that the above norm index is 1. Indeed, let η ∈ µ E . We have to show it is in N K/E K * . By the Hasse norm theorem, this reduces to showing that η is locally a norm in K/E. Now K/E is induced from the cyclic extension K + /E + by composing with E. Thus, locally, η is a norm from K if and only if N E/E + η is a norm from K + . But luckily the latter norm N E/E + η is 1 since Gal(E/E + ) is generated by complex conjugation.
Completing the proof for sextic extensions
We suppose now that F is totally real and K is an abelian sextic CM extension of F , with Galois group G. From Proposition 1.1 and Corollary 1.4 we know that if F is a real quadratic field, then (BS) holds for K/F if and only if the local counterparts (BS) l hold for l = 2 and l = 3. Moreover, the case l = 3 was proved in the preceding section (Corollary 2.4) for F real quadratic, with the exception of one particular class of cases, called . The point now is that we can prove the case l = 2 without exception, even over an arbitrary totally real field F . Actually the proof is quite similar in spirit to Sands' [Sa1] treatment of the relative quadratic case, adorned with some slight algebraic complications. We do not push for maximum generality here: Certainly other abelian extensions could be treated as well.
Let G be the subgroup of order 3 of G and let K 0 be the relatively quadratic subfield of K/F . (This was E in the last section.) The group ring Z 2 [G] contains two orthogonal idempotents e = N G and e = 1 − e; we have
Actually eM is the part of M belonging to the trivial character of G , and e M belongs to either of the two nontrivial characters. Let A (resp. A 0 ) be the 2-part of the class group of K (of K 0 , respectively); let B (resp. B 0 ) be the factor group of A (A 0 ) modulo the group of ambiguous ideals in the extension K/K + (resp. K 0 /F ). Since θ(K/F ) maps to a multiple of θ(K 0 /F ), and since (BS) 2 holds for the relative quadratic extension K 0 /F by [Sa1] , we know right away that A 0 = eA (the group of ideal classes coming from K 0 ) is contained in the subgroup of A of classes satisfying the (BS) 2 property. Thus we need only show the same thing for e A. This takes some preparation.
Let d denote the number of finite primes of K + that ramify in K, and let d 0 be defined accordingly for K 0 /F . Then the analytic class number formula yields (cf. [Sa1] , Proposition 3.2):
where ∼ means that the two quantities differ by a unit factor in Z 2 ; and a similar formula results on replacing K by K 0 , K + by F , B by B 0 , and d by d 0 . (Bibliographical note: The factor w K is erroneously missing in the quoted proposition; however, it is present, as it should be, at the beginning of the proof of Proposition 5.2 1) of the same paper.) Let ξ be the nontrivial character on {1, j}, and let χ 0 , χ 1 , χ 2 be the three odd characters of G, numbered so that χ 0 is trivial on G . We recall our notational convention that θ(K/F ) = θ S(K/F ) (K/F ), with S(K/F ) precisely the set of places that ramify in K/F . We need a lemma:
Proof. From well known inductive properties of L-functions we have
and p running over the primes of F that ramify in K but not in K 0 . The expression on the left of the = sign is L S(K/K + ) (K/K + , ξ, s) times V with V = (1−ξ(P)N P −s ) and P running over the primes of K + that are unramified in K but ramified over F . One sees easily that U = V , which gives, by cancellation:
s).
It now suffices to set s = 0 and recall the construction of the Brumer-Stickelberger elements.
From Sands' formula (see above) we get
(note 1 − j became a factor 2 upon applying ξ) and a similar formula for |B 0 |. Since |e B| = |B|/|B 0 |, we obtain by division, noting w K = w K0 :
Now e B is a module over the PID
We use α to denote χ 1 (θ(K/F )) ∈ R. The exponent of 2 in the last formula is −4 or even more negative, so |e B| divides the norm of α/2 2 from R to Z 2 . This means that α/2 2 annihilates e B.
The step from this last statement to the desired statement that every class in e A has the BS property is exactly the same as in [Sa1] , proof of (5.2) 1). (In our case, we have more factors of 2 than we actually need.)
We sum up what we have proved here: 
Computations
The Brumer-Stark conjecture has been proved in general when G = Gal(K/F ) is cyclic of order 2 [Ta1] or bicyclic of order 4 [Sa1] . When G is cyclic of order 4 and F is real quadratic, Corollary 1.4 shows that only (BS) 2 requires verification. One reason we directed our efforts towards relative abelian sextic extensions was the intention of studying a situation where (BS) 3 is of paramount importance. Theorem 3.3 delineates for us exactly those extensions over real quadratic or real cubic base fields where (BS) 3 seems most difficult to prove. Our goal in this section is to give a complete numerical verification of the Brumer-Stark conjecture for a large number of examples within each of the three families of extensions where Theorem 3.3 falls short of a complete proof: over real quadratic fields, over real cubic fields, and over real cubic fields. Our method of constructing the examples in this section is of interest in itself. In each case we start with a real quadratic or real cubic field F satisfying the conditions in Theorem 3.3. We then need to construct a field K + that is a cyclic cubic extension of F (note that K + is totally real as well) and has restricted ramification (for example, we only want ramification above the prime 3 with extensions). A particularly attractive way to generate such extensions is offered by a related conjecture of Stark and we refer to [Co] or [Ro] for a detailed explanation of this procedure. Even if we generate K + based upon an unproved conjecture, an independent check can be made to ensure that a root of the irreducible cubic polynomial in F [x] produced by Stark's conjecture truly does generate a cyclic cubic extension K + /F of the desired type. In the cases, K is obtained from K + simply by adjoining ζ 3 . We need to be slightly more clever to obtain examples but K + is obtained there as well using Stark's related conjecture. Given an extension K/F falling into one of our three categories, we still face the task of computing θ S (K/F ). In every case, S was taken to be the minimal set S(K/F ) which is precisely the set of primes in F that ramify in K. Throughout this section we simply write θ in place of θ S(K/F ) (K/F ). A detailed explanation of how to compute θ over any totally real base field F was given in [RT] and this method was used in all of our computations. Further details on our method of verifying the Brumer-Stark conjecture itself may be found in [RT] as well.
All computations were carried out using the PARI/GP package [PARI] .
4.1. The real quadratic case. We generated 534 examples of type over real quadratic fields using the search constraints listed below on F and K + . We have
(1) F is real quadratic,
12 , (5) the minus class number of K is divisible by 3.
Note that if condition (5) does not hold, then (BS) 3 follows easily. Of the 534 extensions K/F satisfying conditions (1)- (5), there are 91 where K is abelian over Q. When K/Q is abelian, Sands [Sa2] and Hayes [Ha] have proved the (BS) conjecture for K/F with respect to the Brumer-Stickelberger element θ SH = θ · (1 − σ −1 p ), with the product taken over all primes p in F ramified in F/Q but not ramified in K/F (this product always includes at least one factor in each of the examples in our family). If all of the additional factors in θ SH are 3-adic units in the minus part of the group ring, then the result of Sands-Hayes applies to prove (BS) with respect to θ as well and this phenomenon occurred in 44 of our examples. For the remaining 490 examples, we computationally verified (BS) 3 to be true and therefore the full (BS) conjecture follows. We now give an example of such a verification. Let F = Q( √ 69), let K + be the ray class field of conductor 3, and let K = K + (ζ 3 ). The extension K/F is a type extension satisfying conditions (1)-(5) above. The field K is generated over Q by an algebraic integer α satisfying
Let σ be the generator of Gal(K/F ) defined by
The element θ was computed to be equal to
The class group of K is of order 3 and K + is a class number one field. The following ideal is a generator of Cl K :
We computed a 3θ and its class in the class group. We found that it is principal and generated by
We now look for a generator of a 3θ that is also an anti-unit. It is not necessary to find a generator that is also an anti-unit in order to prove (BS) 3 by the remark preceding Proposition 1.1. But since this also gives a neat way to find a generator which is 3-abelian (if (BS) 3 is true!), this seems to be the easiest way to proceed from a computational point of view. Here, it turns out that the generator z is actually already an anti-unit (this was also true in almost all examples; this can be explained by the fact that PARI tries to return a generator as "small" as possible). Finally, K(z 1/3 ) is abelian over F if and only if z N −σ is a cube in K, where N is an integer such that σ(ζ 3 ) = ζ N 3 ; in this setting, it is easy to see that one can always take N = −1. We find
and therefore (BS) 3 is true for this extension. Listed below is a table of the structure of the minus 3-class groups occurring in the 490 examples we computationally verified. Each entry consists of two parts. The first part gives the invariant factor decomposition of an abelian group A in the form n 1 , . . . , n r where 3 | n j for all j and n j+1 | n j for 1 ≤ j < r. The group A has structure C n1 × · · · × C nr , where C n denotes the cyclic group of n elements. The second part gives the number of minus 3-class groups isomorphic to A.
3 258 9 79 27 10 3, 3 33 9, 3 76 9, 9 2 27, 9 5 9, 3, 3 20 27, 3, 3 4 27, 9, 3 3
Remark. For F real quadratic and p = 5, case is only possible if F = Q( √ 5) and E = Q(ζ 5 ) since E/F must be a quadratic extension. To be in case means that K + /F is cyclic of degree 5 and unramified outside 5. A short calculation in local class field theory shows that K + is then uniquely determined: It is the degree 10 field over Q of conductor 25. The field K = Q(ζ 25 ) has class number one and thus the full (BS) conjecture is true for K/F by [Ta1] .
4.2. The real cubic case. In this subsection we consider both type and type extensions over real cubic fields. For type extensions, we proceed similarly to the real quadratic case and consider all extensions K/F with K = K + (ζ 3 ) and F and K + satisfying the following constraints:
(1) F is real cubic, (2) F/Q is abelian or (q prime and q 2 | d F ⇒ q = 2 or 3), (3) K + /F is cyclic cubic, (4) K + /F is unramified outside 3, (5) d K + ≤ 10 15 , (6) the minus class number of K is divisible by 3. Condition (2) is necessary to ensure that Theorem 3.3 applies and condition (4) ensures that K/F is a type extension. There are 114 extensions satisfying these conditions and 15 of these are such that K is abelian over Q. The result of SandsHayes ([Sa2] , [Ha] ) did not apply in any of these abelian cases to prove the (BS) conjecture with respect to θ and therefore we computationally verified (BS) 3 in all 114 examples using the same method as in the real quadratic case. The following table gives the structure of the minus 3-class groups of these 114 fields:
3 47 9 11 27 1 3, 3 19 9, 3 22 9, 9 5 3, 3, 3 4 9, 3, 3 2 9, 9, 3 3
In order to construct type extensions, we use the following tactic. Assume that the discriminant of F has the form d F = 3dh 2 with d, h ≥ 1, d square-free and 3 d (F is not abelian over Q since d F is not a square). Set E = F ( √ −d), and let K + be a (totally real) cyclic cubic extension of F such that all the primes ramified in K + /F are either ramified or inert in E/F . Now, let
, we see that ζ 3 ∈ K cl and actually K cl = (K cl ) + (ζ 3 ). Therefore K/F is a type extension. Finally, in order to ensure that Theorem 3.3 applies, we must restrict the allowed values of h to 1, 2, 3, 6, 9, or 18 (2 3 and 3 5 are the highest powers of 2 and 3, respectively, that can divide d F ). We thus consider all extensions K/F with F , K + , and K satisfying the following constraints:
(1) F is real cubic, (2) d F = 3dh 2 with d square-free, 3 d, and h = 1, 2, 3, 6, 9, or 18, (3) K + /F is cyclic cubic, (4) p ramified in K + /F ⇒ p ramified or inert in
15 , (6) the minus class number of K = K + ( √ −d) is divisible by 3. There are 145 such extensions. For each of these we have computationally proved (BS) 3 . However, we did not verify (BS) 3 directly. Indeed, the way these extensions are constructed implies that the discriminants of the fields K are much larger than the ones we found for type extensions over real cubic fields (the average discriminant of K in our examples is about 10 40 as compared with about 10 32 for the examples). Finding generators of the ideals a wK θ in the case would require a tremendous amount of computer work. Fortunately, we can take advantage of the fact that ζ 3 ∈ K and deduce from Proposition 1.2 that (BS) 3 is equivalent to (B) 3 which is a lot easier to check computationally. 
